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Mirror symmetry and K3 surfaces
Kazushi Ueda
Abstract
We review some of the interplay between mirror symmetry and K3 surfaces.
1 Introduction
Mirror symmetry is a mysterious relationship, originally suggested by string theorists, be-
tween symplectic geometry of one Calabi-Yau manifold and complex geometry of another
Calabi-Yau manifold. One of the earliest prediction in mirror symmetry is that Calabi-
Yau 3-fold should come in pairs (Y, Yˇ ) in such a way that their Hodge numbers satisfy
h1,1(Y ) = h1,2(Yˇ ) and h1,2(Y ) = h1,2(Yˇ ). Note that h1,1(Y ) is the number of parameters
for the Ka¨hler structures, and h1,2(Y ) is the dimension of the moduli space of complex
structures. More generally, a pair (Y, Yˇ ) of Calabi-Yau n-folds is said to be a topological
mirror pair if their Hodge numbers satisfy
hi,j(Y ) = hi,n−j(Yˇ ) (1.1)
for any i, j. Although topological mirror symmetry is much weaker than other versions
of mirror symmetry, construction of a topological mirror partner of a given Calabi-Yau
manifolds is already a highly non-trivial problem. One subtlety is the existence of rigid
Calabi-Yau manifolds, as the mirror partner of such manifolds can not exist as a Calabi-
Yau manifold. Another subtlety comes in if one allows Calabi-Yau n-folds to have singu-
larities, which motivated the theory of stringy Hodge numbers and motivic integration.
For K3 surfaces, topological mirror symmetry seems to be trivial at first sight, since
every K3 surface has the identical Hodge numbers. The moduli space of complex struc-
tures and the moduli space of Ka¨hler structures are somehow ‘mixed’, as they both live
in H2(Y ;C). In a sense, it is more natural to work with the moduli space of hyperKa¨hler
structures, instead of those of complex structures and Ka¨hler structures. However, ‘topo-
logical’ mirror symmetry for K3 surfaces can be formulated, not as an exchange of the
Hodge numbers, but as an exchange of the algebraic lattice and the transcendental lattice
inside the total cohomology group. As such, it is much more subtle than topological mir-
ror symmetry for Calabi-Yau 3-folds, partly because lattices have more structures than
Hodge numbers, and partly because these lattices are sensitive to the complex structure
of the K3 surface.
Classical mirror symmetry is the mysterious relationship between Gromov-Witten
invariants of Y and period integrals of its mirror manifold Yˇ . It is also known as Hodge-
theoretic mirror symmetry, since it can be formulated as an isomorphism between two
variations of Hodge structures. One of them, called the A-model VHS, is defined on
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the ‘moduli space of complexified Ka¨hler structures’ of Y , and encode the information
of Gromov-Witten invariants of Y . There is no satisfactory definition of the moduli
space of complexified Ka¨hler structures of Y ; the space of stability conditions on the
derived category of coherent sheaves [Bri07, Bri08] is expected to be the universal cover
of this moduli space. The other one, called the B-model VHS, is the variation of Hodge
structures on the moduli space of complex structures on Yˇ defined by the usual Hodge
theory. Classical mirror symmetry started with the prediction that the numbers of rational
curves on a general quintic hypersurface in P3 can be computed by period integrals of its
mirror family [CdlOGP91], and attracted much attention from mathematicians.
Deformation invariance of Gromov-Witten invariants implies that Gromov-Witten in-
variants of K3 surfaces are trivial, since a generic K3 surface does not have any holomor-
phic curve at all. Hence classical mirror symmetry for K3 surfaces reduces essentially to
the study of period maps. In particular, the Yukawa coupling can be identified with the
cup product on the mirror [Dol96].
Homological mirror symmetry is introduced by Kontsevich [Kon95] to give a deeper
understanding of mirror symmetry. A pair (Y, Yˇ ) of Calabi-Yau manifolds is a homological
mirror pair if one has an equivalence
Dπ FukY ∼= Db coh Yˇ (1.2)
of derived categories. It is hard to find a homological mirror pair, and the only known
homological mirror pair of K3 surfaces is the case when Y is a quartic hypersurface in
P3, due to Seidel [Sei11]. There is a fascinating interplay between homological mirror
symmetry and monodromy of period maps, also pioneered by Kontsevich. It is closely
related to stability conditions on triangulated categories introduced by Bridgeland [Bri07].
A geometric picture for mirror symmetry is provided by the Strominger-Yau-Zaslow
conjecture [SYZ96], which states that any Calabi-Yau manifold has a structure of a special
Lagrangian torus fibration π : Y → B, and its mirror is obtained as the dual special La-
grangian torus fibration πˇ : Yˇ → B. This motivated the construction of mirror manifolds
using integral affine manifolds with singularities [KS06, GS11]. We will not review this
here, and refer the interested reader to an excellent review [Gro] and references therein.
This review is organized as follows: In Section 2, we recall strange duality and its gen-
eralizations, which are now understood as incarnations of mirror symmetry. In Section 3,
we discuss transposition mirror construction by Berglund and Hu¨bsch. In Section 4, we
discuss mirror symmetry for K3 surfaces following Aspinwall and Morrison. In Section 5,
we discuss the notion of lattice-polarized K3 surfaces, which is introduced by Nikulin
and used by Dolgachev to study mirror symmetry for K3 surfaces. In Section 6, we dis-
cuss mirror construction due to Batyrev using polar duality of reflexive polytopes. In
Section 7, we discuss classical mirror symmetry for anti-canonical hypersurfaces in toric
weak Fano 3-folds. In Section 8, we discuss a conjecture of Dolgachev on the relation
between Batyrev mirrors and Dolgachev mirrors of K3 surfaces. In Section 9, we discuss
Bridgeland stability conditions on K3 surfaces. In Section 10, we discuss mirror construc-
tion, due to Borcea and Voisin, for Calabi-Yau 3-folds associated with 2-elementary K3
surfaces.
2
2 Strange duality
2.1 The modality of a singularity
Two germs (f−1(0), 0) and (g−1(0), 0) of hypersurface singularities defined by convergent
power series f : (Cn, 0)→ (C, 0) and g : (Cn, 0)→ (C, 0) are right equivalent if there is a
holomorphic change of coordinates ϕ : (Cn, 0)→ (Cn, 0) such that f = g◦ϕ. If the critical
point of the germ f : (Cn, 0)→ (C, 0) of a holomorphic function is isolated, then it is right
equivalent to a polynomial of degree at most µ+ 1 [Tou68]. Here µ is the Milnor number
of f , defined as the dimension of the Jacobi ring C{{z1, . . . , zn}}/(∂z1f, . . . , ∂znf) of f .
This finite-determinacy of isolated singularities allows one to reduce the classification
of isolated critical points of holomorphic functions up to right equivalence to a finite-
dimensional problem.
Let G be a Lie group acting on a manifold M . The modality of a point f ∈ M is the
smallest integer m such that a sufficiently small neighborhood of f can be covered by a
finite number of m-parameter families of orbits. The modality of the germ of a function is
the modality of its jet in the space of k-jets with respect to the right action of the group
of coordinate transformations for sufficiently large k. If f is the defining equation of an
isolated singularity, then the modality of f is called the modality of the singularity. In
other words, the modality of a singularity is the minimal number of continuous param-
eters needed to parametrize right equivalence classes of singularities that are close to p.
Singularities of modality zero are called simple singularities, and have well-known ADE
classification. Next in line come unimodal singularities, which are classified by Arnold
[Arn75] into an infinite series
Tp,q,r : x
p + yq + zr + axyz (2.1)
and 14 exceptional cases. Here (p, q, r) is a triple of natural numbers satisfying 1/p+1/q+
1/r ≤ 1, and a is a general complex parameter. The Tp,q,r-singularity is called a simple
elliptic singularity if 1/p+ 1/q + 1/r = 1, and a cusp singularity if 1/p+ 1/q + 1/r < 1.
Exceptional unimodal singularities are listed in Table 2.1, where a is again a general
complex parameter. The defining polynomial is weighted homogeneous for a = 0, and the
weights in Table 2.1 are the primitive weights of the variables and the defining polynomial.
There are two natural ways to study singularities; one is to resolve the singularity,
and the other is to deform the singularity. A resolution of a surface singularity is good if
the exceptional locus is a simple normal crossing divisor. A good resolution is minimal if
any contraction of an exceptional curve gives a non-good resolution. The minimal good
resolution of an exceptional unimodal singularity consists of four rational curves; one is an
exceptional curve of the first kind, and the others are mutually disjoint rational curves,
each intersecting the first curve in one point. Figure 2.1 shows the dual graph of the
exceptional divisor. The self-intersection numbers δ = (δ1, δ2, δ3) of the three exceptional
curves is called the Dolgachev number of the singularity.
The Milnor fiber of a singularity is the intersection f−1(ǫ) ∩ Bδ of the deformation
f−1(ǫ) of the singularity with a sufficiently small ball Bδ = {(x, y, z) ∈ C3 | |x|2 +
|y|2 + |z|2 ≤ δ}. Here ǫ is a sufficiently small number which may depend on δ. The
diffeomorphism type of the Milnor fiber is independent of the choice of δ and ǫ. The
Milnor fiber is homotopy-equivalent to the bouquet (S2)∨µ of µ 2-spheres, where µ is
3
−1
−δ3
−δ2
−δ1
Figure 2.1: The diagram T (δ1, δ2, δ3)
α1α2αγ1 αγ1+1
αγ1+γ2−1
αγ1+γ2
αγ1+γ2+γ3−2
αγ1+γ2+γ3−1
αγ1+γ2+γ3
αγ1−1
αγ1+γ2−2
αγ1+γ2+γ3−3
Figure 2.2: The diagram T̂ (γ1, γ2, γ3)
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name normal form weight δ γ dual
E12 x
3 + y7 + z2 + axy5 (6, 14, 21; 42) (2, 3, 7) (2, 3, 7) E12
E13 x
3 + xy5 + z2 + ay8 (4, 10, 15; 30) (2, 4, 5) (2, 3, 8) Z11
E14 x
3 + y8 + z2 + axy6 (3, 8, 12; 24) (3, 3, 4) (2, 3, 9) Q10
Z11 x
3y + y5 + z2 + axy4 (6, 8, 15; 30) (2, 3, 8) (2, 4, 5) E13
Z12 x
3y + xy4 + z2 + ax2y3 (4, 6, 11; 22) (2, 4, 6) (2, 4, 6) Z12
Z13 x
3y + y6 + z2 + axy5 (3, 5, 9, 18) (3, 3, 5) (2, 4, 7) Q11
W12 x
4 + y5 + z2 + ax2y3 (4, 5, 10; 20) (2, 5, 5) (2, 5, 5) W12
W13 x
4 + xy4 + z2 + ay6 (3, 4, 8, 16) (3, 4, 4) (2, 5, 6) S11
Q10 x
3 + y4 + yz2 + axy3 (6, 8, 9; 24) (2, 3, 9) (3, 3, 4) E14
Q11 x
3 + y2z + xz3 + az5 (4, 6, 7; 18) (2, 4, 7) (3, 3, 5) Z13
Q12 x
3 + y5 + yz2 + axy4 (3, 5, 6; 15) (3, 3, 6) (3, 3, 6) Q12
S11 x
4 + y2z + xz2 + ax3z (4, 5, 6, 16) (2, 5, 6) (3, 4, 4) W13
S12 x
3y + y2z + xz3 + az5 (3, 4, 5; 13) (3, 4, 5) (3, 4, 5) S12
U12 x
3 + y3 + z4 + axyz2 (3, 4, 4; 12) (4, 4, 4) (4, 4, 4) U12
Table 2.1: 14 exceptional unimodal singularities
the Milnor number [Mil68]. The middle-dimensional homology group of the Milnor fiber,
equipped with the intersection form, is called the Milnor lattice. The Milnor lattice
has a distinguished basis {αi}µi=1 consisting of vanishing cycles, which is well-defined up
to an action of a braid group. By a suitable choice of a distinguished basis of vanishing
cycles, the Coxeter-Dynkin diagram of an exceptional unimodal singularity can be written
in the form T̂γ given in Figure 2.2 [Gab74]. The triple γ = (γ1, γ2, γ3) is called the
Gabrielov number of the singularity. The strange duality is an obersevation by Arnold that
exceptional unimodal singularities come in pairs in such a way that the Dolgachev number
and the Gabrielov number are interchanged. For more on foundations of singularity
theory, one can see [AGZV85, AGZV88, Mil68] and references therein.
2.2 Triangle singularities
For a sequence (p, q, r) ∈ (Z+)3 of positive integers, the triangle group
∆p,q,r :=
〈
a, b, c | a2 = b2 = c2 = (ab)p = (bc)q = (ca)r = 1〉 (2.2)
is the group generated by reflections in the triangle of angles π/p, π/q and π/r. The
triangle group is called spherical, Euclidean, or hyperbolic depending on whether 1/p +
1/q + 1/r is greater than, equal to, or less than one respectively. Let Γp,q,r ⊂ ∆p,q,r be
the von Dyck group, which is the index two subgroup of the triangle group consisting of
compositions of even numbers of reflections. It is written as
Γp,q,r := 〈x, y, z | xp = yq = zr = xyz = 1〉 (2.3)
where the inclusion Γp,q,r →֒ ∆p,q,r sends x, y, and z to ab, bc and ca respectively. The
sequence (p, q, r) is called the signature of the triangle group.
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type Ap+q Dn+2 E6 E7 E8
signature (1, p, q) (2, 2, n) (2, 3, 3) (2, 3, 4) (2, 3, 5)
Table 2.2: Spherical signatures
α1α2αp
αp+1
αp+q−1
αp+q+r−2
αp−1
αp+q−2
αp+q+r−3
αp+q
Figure 2.3: The diagram Tp,q,r
2.2.1 Spherical case
Spherical signatures are classified in Table 2.2. The von Dyck group Γp,q,r is a polyhedral
group, which is a finite subgroup of PSL2(C) (or SO3(R)). The Kleinian group Πp,q,r
obtained as the pull-back of Γp,q,r by the universal covering map SL2(C)→ PSL2(C) is a
binary polyhedral group, which is described as an abstract group as
Πp,q,r = 〈x, y, x | xp = yq = zr = xyz〉 .
Let X = Xp,q,r := [P
1/Γp,q,r] be the quotient stack, and K = Kp,q,r be the total space of
the canonical (orbi-)bundle. The coarse moduli space X of X is isomorphic to P1, and X
has three orbifold points with stabilizer groups Z/pZ, Z/qZ and Z/qZ. Let
R = H0(OK) =
∞⊕
k=0
H0(OX(−kωX)),
be the anticanonical ring, which is the ring of regular functions on K. The spectrum
Y := SpecR of R gives the corresponding Kleinian singularity Y ∼= C2/Πp,q,r, and the
coarse moduli space K of K is a partial resolution of Y with three simple singularities of
types Ap−1, Aq−1 and Ar−1. The minimal resolution Y of K is the minimal resolution of
Y , and the exceptional divisor is a tree of (−2)-curves where three chains of (−2)-curves
consisting of p−1, q−1 and r−1 rational curves is connected to the (−2)-curve obtained
as the strict transform of the zero-section in K. The dual graph of the exceptional curves
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type E˜6 E˜7 E˜8
signature (3, 3, 3) (2, 4, 4) (2, 3, 6)
weight (1, 1, 1) (1, 1, 2) (1, 2, 3)
E · E −3 −2 −1
Table 2.3: Euclidean signatures
in the resolution Y → Y is the Tp,q,r-graph shown in Figure 2.3. One has a derived
equivalence
Db cohK ∼= Db cohY
by Kapranov and Vasserot [KV00].
2.2.2 Euclidean case
Euclidean signatures are classified in Table 2.3, which correspond to the tessellation of
C by triangles of angles 2π/p, 2π/q, and 2π/r. The von Dyck group is a subgroup of
SO2(R)⋉ R
2 ∼= U(1)⋉ C acting naturally on C. The quotient E = C/Γp,q,r is a smooth
elliptic curve, which can be written as {[x : y : z] ∈ P(a, b, c) | xp + yq + zr = 0} where
the weights (a, b, c) are given by (1, 1, 1), (1, 1, 2), and (1, 2, 3) respectively.
Recall that a normal surface singularity is a simple elliptic singularity if the exceptional
divisor E of the minimal resolution is a smooth elliptic curve. Simple elliptic singularities,
which are also hypersurface singularities, are classified by Saito [Sai74] into three types
E˜6, E˜7 and E˜8. They are Tp,q,r-singularities (2.1) for (p, q, r) = (3, 3, 3), (2, 4, 4), and
(2, 3, 6), which are triangle singularities if a = 0. The triple (p, q, r) is the signature of
the corresponding triangle group.
2.2.3 Hyperbolic case
A hyperbolic von Dyck group is a Fuchsian group, i.e., a discrete subgroup of PSL2(R) ∼=
AutH. A holomorphic function f : H → C is an automorphic form of weight k with
respect to a Fuchsian group Γ if
f
(
az + b
cz + d
)
= (cz + d)kf(z), ∀
(
a b
c d
)
∈ Γ, (2.4)
and f is holomorphic at the cusp. The orbifold quotient X◦ = [H/Γ] can be compactified
to a smooth orbifold X in such a way that X \ X◦ has the trivial stabilizer. The space
Ak(Γ) of automorphic forms of weight k can be identified with the space
H0(X, (T ∗X)⊗k) ∼= H0(H, (T ∗H)⊗k)Γ (2.5)
of sections of the k-th tensor power of the cotangent bundle. Let A(Γ) =
⊕∞
n=0An(Γ) be
the ring of automorphic forms. The spectrum V Γ = SpecA(Γ) is a cone over the orbifold
X, and has an isolated singularity at the origin called a hyperbolic triangle singularity. It is
known by Dolgachev that a hyperbolic triangle singularity is a hypersurface singularity if
and only if it is an exceptional unimodal singularity [Sˇcˇe78]. The signature (p, q, r) of the
von Dyck group coincides with the Dolgachev number of the corresponding exceptional
unimodal singularity.
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2.3 Strange duality and K3 surfaces
Pinkham [Pin77] and Dolgachev and Nikulin [Dol83, Nik79b] gave the following beautiful
interpretation of the strange duality in terms of the Picard lattices and the transcendental
lattices of K3 surfaces obtained as compactifications of the Milnor fibers.
Let Γ be a hyperbolic von Dyck group of signature δ = (δ1, δ2, δ3) corresponding to an
exceptional unimodal singularity. Let further VΓ be the minimal smooth normal-crossing
compactification of the minimal good resolution of the surface V Γ. The complement
VΓ \ (V Γ \ 0) has two connected components. One is E0, which is the exceptional locus
of the minimal good resolution of the exceptional unimodal singularity. The other is E∞,
which is a tree of (−2)-curves whose dual graph is the Tp,q,r-graph shown in Figure 2.3.
Choose homogeneous generators x, y and z of A(Γ) of degrees a, b, and c respectively,
and write A(Γ) = C[x, y, z]/(f), where f ∈ C[x, y, z] is a homogeneous polynomial of
degree h. Let w be an indeterminant of degree h − a − b − c and F be a homogeneous
element of C[x, y, z, w] of degree h such that F (x, y, z, 0) = f(x, y, z). Assume that F
does not have a critical point outside of the origin, and let S = C[x, y, z, w]/(F ) be the
quotient ring of C[x, y, z, w] by the ideal generated by F . Then the stack Y = ProjS :=
[(SpecS \ 0)/C×] is a smooth Deligne-Mumdord stack, which has the trivial canonical
bundle since degF = deg x+deg y+deg z+degw. Let Y be the coarse moduli scheme of
Y and Y → Y be the minimal resolution of Y . The scheme Y is a smooth compactification
of the Milnor fiber of f . The condition F (x, y, z, 0) = f(x, y, z) impies that the ring
R = S/(w) is isomorphic to A(Γ), so that the divisor {w = 0} = ProjR ⊂ Y at infinity
is isomorphic to the orbifold curve X. The Calabi-Yau property of Y and the adjunction
formula implies that the normal bundle of X in Y is isomorphic to the cotangent bundle of
X. Since X has three orbifold points of orders δ1, δ2, and δ3, the coarse moduli scheme Y
has simple singularities of types Aδ1−1, Aδ2−1, and Aδ3−1 at these orbifold points. It follows
that the minimal resolution Y has a configuration of (−2)-curves whose dual graph is the
Tδ-graph shown in Figure 2.3. Here, the central node corresponds to the strict transform
of the coarse moduli scheme X of X, and three legs comes from resolutions of simple
singularities of type A. The scheme Y is a K3 surface, whose Ne´ron-Severi lattice is
generated by these (−2)-curves for very general F . On the other hand, the Milnor lattice
of f is given by T̂γ ∼= Tγ⊥U , where γ = (γ1, γ2, γ3) is the Gabrielov number of f . Since
E∞ is disjoint from the Milnor fiber of f , the transcendental lattice
T (Y ) = NS(Y )⊥ ⊂ H2(Y ;Z) (2.6)
of Y clearly contains the Milnor lattice T̂γ . One can show that the embedding of the
T̂γ-lattice into the orthogonal lattice of Tδ in H
2(Y ;Z) ∼= E8⊥E8⊥U⊥U⊥U is unique
and surjective. It follows that T (Y ) ∼= T̂γ for very general F .
Let fˇ be the defining polynomial of the weighted homogeneous exceptional unimodal
singularity, which is related to f by the strange duality so that its Dolgachev and Gabrielov
numbers δˇ and γˇ satisfy δˇ = γ and γˇ = δ. Then the transcendental lattice and the
algebraic lattice of the corresponding K3 surface Yˇ satisfy
NS(Y )⊥U ∼= T (Yˇ ), T (Y ) ∼= NS(Yˇ )⊥U. (2.7)
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2.4 Categorifications of strange duality
The Grothendieck group K(T ) of a triangulated category T has a structure of a lattice
with respect to the Euler pairing
〈X, Y 〉 :=
∑
n∈Z
(−1)n dimExtn(X, Y ). (2.8)
A categorification of a lattice is a triangulated category whose Grothendieck group is
isometric to the lattice.
Let f ∈ C[x, y, z] be a homogeneous polynomial in three variables defining an excep-
tional unimodal singularity, and Y be a compactification of the Milnor fiber of f as in
Section 2.3. The numerical Grothendieck group N (Y ) is the quotient of the Grothendieck
group K(Y ) by the radical of the Euler form. Riemann-Roch theorem implies that N (Y )
is isomorphic to the lattice H0(Y ;Z) ⊕ NS(Y ) ⊕ H4(Y ;Z) of algebraic cycles equipped
with the Mukai pairing
((a0, a2, a4), (b0, b2, b4)) = a2 · b2 − a0b4 − a4b0. (2.9)
This allows one to think of Db cohY as a categorification of the algebraic lattice, in a
slightly weak sense in that one considers the numerical Grothendieck group instead of the
Grothendieck group.
On the dual side, the Fukaya category Fuk Yˇ is an A∞-category whose objects are La-
grangian submanifolds of Yˇ and whose spaces of morphisms are Lagrangian intersection
Floer complexes [Fuk93, FOOO09]. Since the Euler number of the Lagrangian intersec-
tion Floer complex is the algebraic intersection number of the Lagrangian submanifolds,
the numerical Grothendieck group of the Fukaya category is a sublattice of the transcen-
dental lattice. Since the transcendental lattice of Yˇ is generated by vanishing cycles, the
Fukaya category Fuk Yˇ is a categorification of the Milnor lattice, and strange duality is a
categorification of (conjectural) homological mirror symmetry (1.2).
There is an alternative way to categorify strange duality, using stable derived cat-
egories [Eis80, Buc87, Orl04] and Fukaya-Seidel categories [Sei01b, Sei01a, Sei08]. Let
R = C[x, y, z]/(f) be the coordinate ring of a weighted homogeneous exceptional uni-
modal singularity, and grR be the category of finitely-generated Z-graded R-modules. A
complex of Z-graded R-module is perfect if it is quasi-isomorphic to a bounded complex of
finitely-generated projective modules. The stable derived category Dbsing(grR) is defined
as the quotient category of the bounded derived category Db(grR) by the full subcate-
gory consisting of perfect complexes. On the dual side, the Fukaya-Seidel category is the
A∞-category whose objects are vanishing cycles of fˇ and whose spaces of morphisms are
Lagrangian intersection Floer complexes.
Conjecture 2.1. There is an equivalence
Dbsing(grR)
∼= DbF(fˇ) (2.10)
of triangulated categories.
The left hand side of (2.10) is a categorification of the algebraic lattice N (Y ) ∼=
NS(Y )⊥U ∼= T̂δ, in the sense that the Grothendieck group of Dbsing(grR) equipped with
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the symmetrized Euler pairing (X, Y ) = 〈X, Y 〉 + 〈Y,X〉 is isometric to N (Y ) [KMU13,
Ued14]. Similarly, the right hand side of (2.10) is a categorification of the Milnor lattice
of fˇ . Conjecture 2.1 is known for a disconnected sum of polynomials of type A or D
[FU11, FU13]. Fukaya category of unimodal singularities has been studied by Keating,
who in particular has proved homological mirror symmetry [Kea, Theorem 7.1]
DbF(Tp,q,r) ∼= Db cohXp,r,q (2.11)
between Tp,q,r-singularity and orbifold rational curves conjectured by Takahashi [Tak10,
Conjecture 7.4].
2.5 Generalizations of strange duality
2.5.1 Cusp singularities
An isolated singularity in dimension 2 is a cusp singularity if the exceptional locus of
the minimal resolution is either a cycle of non-singular rational curves or a nodal rational
curve. A cusp singularity is a hypersurface singularity if and only if it is a Tp,q,r-singularity
with 1/p + 1/q + 1/r < 1 [Kar77]. Let C1, . . . , Cn be the irreducible components of the
exceptional locus. The off-diagonal part of the intersection matrix ((Ci, Cj))
n
i,j=1 is given
by Ci · Cj = 1 for |i− j| = 1 and Ci · Cj = 0 for |i− j| > 1, and only the diagonal part
bi := −Ci · Ci (2.12)
contains a non-trivial information. The cycle number of a cusp singularity is the sequence
of integers defined by
(d1, . . . , dn) =
{
(b1, . . . , bn) n ≥ 2,
(b1 + 2) n = 1.
(2.13)
Let
ω = [b1, b2, . . . , bn] = b1 −
1
b2 −
1
b3 −
1
· · ·
(2.14)
be the totally-real quadratic irrational number defined by an infinite continued fraction.
The dual cycle number of the cusp singularity is the sequence (e1, . . . , ek) of integers
defined by the continued fraction expansion
1/ω = [f1, . . . , fs, e1, . . . , ek]. (2.15)
Then a certain class of cusp singularities come in pairs in such a way that the cycle
numbers and the dual cycle numbers are interchanged.
The duality of cusp singularities can be described in terms of hyperbolic Inoue surfaces,
just as the strange duality of Arnold can be interpreted in terms of K3 surfaces. In the
Enriques-Kodaira classification of compact complex surfaces, a surface of class VII is a
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non-Ka¨hler elliptic surface with first Betti number 1. Inoue surfaces form an important
class of surfaces of class VII, which can further be divided into three subclasses; hyperbolic,
half, and parabolic.
A hyperbolic Inoue surface is constructed as follows. Let K be a real quadratic field,
and M be a free Z-module of rank 2 in K. Define
U+(M) = {x ∈ K | xM =M,x > 0, x′ > 0}, (2.16)
where (−)′ : K → K is the conjugation. Let V be a subgroup of U+(M) of finite index.
The group
G(M,V ) =
{(
ε m
0 1
)
∈ GL2(R)
∣∣∣∣ ε ∈ V,m ∈M} (2.17)
acts on H× C by (
ε m
0 1
)
: (z1, z2) 7→ (εz1 +m, ε′z2 +m′). (2.18)
The quotient space Y ◦(M,V ) = (H × C)/G(M,V ) can be compactified to a compact
complex surface Y (M,V ) by adding two points ∞ and ∞′, which are cusp singularities.
The minimal resolution Y (M,V ) of Y (M,V ) is a surface of class VII, whose second Betti
number is the sum of the length of the chains of rational curves obtained from the cusp
singularities ∞ and ∞′ [Ino77]. Any minimal surface of class VII with two cycles of ratio-
nal curves is isomorphic to a hyperbolic Inoue surface [Nak84]. A pair of cusp singularities
are dual if they come from two cusps of a hyperbolic Inoue surface [Nak80]. The rela-
tion between cusp singularities and mirror symmetry is investigated in [GHK] using the
techniques developed in [KS06, GS11].
2.5.2 Ebeling-Wall duality
Strange duality is extended in [EW85] to encompass certain classes of bimodal singular-
ities, isolated complete intersection singularities, and quadrilateral singularities. Since a
well-written review already exists [Ebe99], we do not discuss it here.
2.5.3 Saito duality
A sequence W = (a, b, c; h) of positive integers with h > max{a, b, c} is a regular weight
system if
(1− T h−a)(1− T h−b)(1− T h−c)
(1− T a)(1− T b − 1)(1− T c) (2.19)
is a polynomial in T [Sai87]. The integers (a, b, c) and h are called weights and the Coxeter
number respectively. For a regular weight system W , define a sequence (m1, . . . , mµ) of
not necessarily distinct integers by
χW (T ) := T
ǫ (1− T h−a)(1− T h−b)(1− T h−c)
(1− T a)(1− T b − 1)(1− T c) = T
m1 + · · ·+ Tmµ, (2.20)
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where
ǫ = ǫW := a+ b+ c− h (2.21)
is the minimal exponent of W , and
µ = µW := χW (1) = (h− a)(h− b)(h− c)/abc (2.22)
is the rank of W . The characteristic polynomial of W is defined by
ϕW (λ) =
µ∏
i=1
(λ− ωi), (2.23)
where
ωi = exp(2π
√−1mi/h), i = 1, . . . , µ. (2.24)
One can write
ϕ(λ) =
∏
i|h
(λi − 1)e(i) (2.25)
for some sequence (e(i))i|h of integers. A pair (W,W ∗) of regular weight systems with
the identical Coxeter number are said to be dual in the sense of Saito [Sai98a] if their
characteristic polynomials
ϕW (λ) =
∏
i|h
(λi − 1)e(i), ϕW ∗(λ) =
∏
i|h
(λi − 1)e∗(i), (2.26)
satisfy
e(i) + e∗(h/i) = 0 (2.27)
for all i|h.
A weight system W = (a, b, c; h) is regular if and only if there exists a weighted ho-
mogeneous polynomial f ∈ C[x, y, z] of weight deg(x, y, z; f) = (a, b, c; h) with isolated
critical point at the origin. The rank of a regular weight system is the Milnor number
dimC[x, y, z]/(∂xf, ∂yf, ∂zf) of the singularity, and the minimal exponent is the Goren-
stein parameter of the coordinate ring C[x, y, z]/(f). The characteristic polynomial is the
characteristic polynomial for the Milnor monodromy acting on the middle-dimensional
homology group of the Milnor fiber.
The duality of regular weight systems generalizes the strange duality of exceptional
unimodal singularities. See [Sai98b] for a summary of the theory of regular weight systems,
and [Sai98a] for a thorough treatment. The relation between the duality of regular weight
systems and mirror symmetry is discussed in [Kob08, Tak99, Ebe06].
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2.5.4 Kobayashi duality
A weight system in the sense of Kobayashi [Kob08] is a sequence W = (a1, . . . , an; h)
of positive integers satisfying h ∈ Na1 + · · · + Nan. A weight system is reduced if
gcd(a1, . . . , an; h) = 1. A weighted magic square for a pair (W,W
∗) of weight systems
is an n× n matrix C with non-negative integer entries satisfying
C
a1...
an
 =
h...
h
 and (a∗1 · · · a∗n)C = (h∗ · · · h∗) . (2.28)
A weighted magic square C is primitive if | detC| = h = h∗. The weight systems W and
W ∗ are dual in the sense of Kobayashi [Kob08] if there exists a primitive weighted magic
square for (W,W ∗). This also gives a generalization of the strange duality of exceptional
unimodal singularities. This notion of duality is further investigated in [Ebe06].
3 Berglund-Hu¨bsch transpose
A polynomial f ∈ C[x1, . . . , xn] is invertible if the following two conditions are satisfied:
1. There is an integer matrix A = (aij)
n
i,j=1 such that
f =
n∑
i=1
n∏
j=1
x
aij
j . (3.1)
2. f has an isolated critical point at the origin.
The second condition implies that the matrix A has a non-zero determinant. It follows
that any invertible polynomial is weighted homogeneous, and the corresponding reduced
weight system
(a1, . . . , an; h) := deg(x1, . . . , xn; f) (3.2)
is determined uniquely.
An invertible polynomial is a Sebastiani-Thom (or decoupled) sum of polynomials of
the following three types [KS92]:
• Fermat:xp.
• Chain: xp11 x2 + xp22 x3 + · · ·+ xpn−1n−1 xn + xpnn .
• Loop: xp11 x2 + xp22 x3 + · · ·+ xpn−1n−1 xn + xpnn x1.
A Landau-Ginzburg model is a pair (V, f) of an algebraic variety V and a holomorphic
function f : V → C on V . An invertible polynomial f gives an example (Cn, f) of a
Landau-Ginzburg model.
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An invertible polynomial is naturally graded by the abelian group L of rank one
generated by n+ 1 elements ~x1, . . . , ~xn, and ~c with n relations
ai1~x1 + · · ·+ ain~xn = ~c, i = 1, . . . , n. (3.3)
The group L is the group of characters of the group K defined by
K = {(α1, . . . , αn) ∈ (C×)n | αa111 · · ·αa1nn = · · · = αan11 · · ·αannn }. (3.4)
The group of maximal diagonal symmetries is the kernel Gmax of the map
K → C×
∈ ∈
(α1, . . . , αn) 7→ α1 · · ·αn,
(3.5)
so that there is an exact sequence
1→ Gmax → K → C× → 1. (3.6)
This exact sequence induces an exact sequence
1→ Z→ L→ Gmax∨ → 1 (3.7)
of the corresponding groups of characters, where
Gmax
∨ = Hom(Gmax,C
×) (3.8)
is (non-canonically) isomorphic to Gmax. Write
A−1 =

ϕ
(1)
1 ϕ
(2)
1 · · · ϕ(n)1
ϕ
(1)
2 ϕ
(2)
2 · · · ϕ(n)2
...
...
. . .
...
ϕ
(1)
n ϕ
(2)
n · · · ϕ(n)n
 . (3.9)
Then the group Gmax is generated by
ρk =
(
exp
(
2π
√−1ϕ(k)1
)
, . . . , exp
(
2π
√−1ϕ(k)n
))
, k = 1, . . . , n. (3.10)
A Landau-Ginzburg orbifold is a pair ((V, f), G) of a Landau-Ginzburg model (V, f)
and a finite group G acting on V in such a way that the function f : V → C is G-invariant.
An invertible polynomial f and a subgroup G of Gmax gives an example ((f,C
n), G) of a
Landau-Ginzburg orbifold.
The transpose of f is the invertible polynomial
fˇ =
n∑
i=1
n∏
j=1
x
aji
j . (3.11)
14
Note that the exponent matrix Aˇ is the transpose matrix of A. The group Gˇmax of
maximal diagonal symmetries of fˇ is generated by the column vectors ρˇi of Aˇ
−1. The
transpose of a subgroup G ⊂ Gmax is defined in [BH95, Kra] as
Gˇ =

n∏
i=1
ρˇrii
∣∣∣∣∣∣∣
(
r1 · · · rn
)
A−1
a1...
an
 ∈ Z for all n∏
i=1
ρaii ∈ G
 . (3.12)
The transpose of a pair (f,G) of an invertible polynomial f and a subgroup G of the group
Gmax of maximal diagonal symmetries is defined as (fˇ , Gˇ). In particular, the transpose
of the pair (f, 1) of an invertible polynomial and the trivial group is the pair (fˇ , Gˇmax) of
the transpose polynomial and the group of maximal diagonal symmetries.
Transposition is introduced in [BH93] as a generalization of the orbifold mirror con-
struction [GP90]. Interpretation of strange duality as mirror symmetry for Landau-
Ginzburg orbifolds goes back at least to [LS90, Mar90]. There has been a renewed interest
in transposition mirror construction recently, coming in part from the development of co-
homological field theories associated with invertible polynomials [FJR13, PV]. In partic-
ular, classical mirror symmetry for exceptional unimodal singularities is proved in [LLSS].
Transposition mirror construction as a generalization of strange duality is explored in
[ET11].
To relate mirror symmetry of Landau-Ginzburg orbifolds to mirror symmetry of Calabi-
Yau manifolds, one needs the correspondence between Calabi-Yau manifolds and Landau-
Ginzburg orbifolds. Let f be an invertible polynomial and G be a subgroup of Gmax. Put
ϕi = ϕ
(1)
i + · · ·+ ϕ(n)i , i = 1, . . . , n, (3.13)
and define a homomorphism ϕ : C× → K by
ϕ(α) =
(
αhϕ1 , . . . , αhϕn
)
, (3.14)
where h is the smallest positive integer such that ai := hϕi ∈ Z for i = 1, . . . , n. Then ϕ
is injective and one has an exact sequence
1→ C× ϕ−→ K → Gmax → 1, (3.15)
where Gmax := cokerϕ. The polynomial f is weighted homogeneous with respect to
the weight system (a1, . . . , an; h). Since f has an isolated singularity at the origin, the
weighted projective hypersurface
Y = {[x1 : · · · : xn] ∈ P(a1, . . . , an) | f(x1, . . . , xn) = 0} (3.16)
is a smooth Deligne-Mumford stack. It is Calabi-Yau if a1+ · · ·+an = h. The intersection
Imϕ ∩Gmax is generated by
J =
(
exp
(
2π
√−1ϕ1
)
, . . . , exp
(
2π
√−1ϕn
))
. (3.17)
Assume J ∈ G and let G = G/ 〈J〉 be the image of G in Gmax. Then G acts naturally
on Y, and one can form the quotient stack [Y/G]. The Calabi-Yau/Landau-Ginzburg
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correspondence, or the CY/LG correspondence for short, is an idea which goes back
at least to [Gep87], that the Landau-Ginzburg orbifold (f,G) is ‘dual’ to the orbifold
[Y/G]. On the symplectic side, this is proved at the level of topological mirror symmetry
in [CR10]. On the complex side, the equivalence of derived categories is established in
[Orl09]. The relation between categorical equivalence and analytic continuation of periods
is discussed in [CIR].
Transposition mirror construction gives a candidate for the mirror of a Landau-Ginzburg
orbifold, which produces a candidate for the mirror of a Calabi-Yau manifold by the
CY/LG correspondence. For K3 surfaces, this construction is known to give mirror pairs
in the sense of Definition 5.2 below for an invertible polynomial of the form xp+f(y, z, w)
for p = 2 in [ABS] and for prime p in [CLPS].
4 Aspinwall-Morrison mirrors
Let Y be a K3 surface. The extended K3 lattice is the free abelian group H∗(Y ;Z)
equipped with the Mukai pairing (2.9). The complex structure of Y is determined by the
class [Ω] ∈ P(H2(Y,C)) of the holomorphic 2-form Ω ∈ H2,0(Y ) satisfying the Hodge-
Riemann bilinear relations
(Ω,Ω) = 0, (Ω,Ω) > 0. (4.1)
A complexified Ka¨hler structure on Y is an element ℧ ∈ H∗(Y,C) of the form
℧ = exp(B +
√−1ω)
=
(
1, B +
√−1ω, 1
2
(B +
√−1ω)2
)
∈ H0(Y ;C)⊕H2(Y ;C)⊕H4(Y ;C)
satisfying
(℧,℧) = 0, (℧,℧) > 0 (4.2)
and
(℧,Ω) = 0, (℧,Ω) = 0. (4.3)
The class ω ∈ H2(Y,R) is (a slight generalization of) the Ka¨hler class, which satisfies
ω ∈ H2(Y,R) ∩ H1,1(Y ) and ω · ω > 0. The class B ∈ H2(Y,R) is called the B-field,
which satisfies B ∈ H2(Y,R) ∩H1,1(Y ). Note that ω and B are determined by the class
[℧] ∈ P(H∗(Y,C)).
Let Yˇ be another K3 surface and (Ωˇ, ℧ˇ) be a pair of 2-forms satisfying the above
conditions. The following definition is due to Aspinwall and Morrison [AM97]:
Definition 4.1. A pair ((Y, (Ω,℧)), (Yˇ , (Ωˇ, ℧ˇ))) of K3 surfaces equipped with complexi-
fied Ka¨hler structures is a mirror pair if there is an isometry of extended K3 lattices
ϕ : H∗(Y ;Z)
∼−→ H∗(Yˇ ;Z) (4.4)
such that
(ϕ(Ω), ϕ(℧)) = (℧ˇ, Ωˇ). (4.5)
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5 Dolgachev mirrors
Let Y be a K3 surface. The K3 lattice is the free abelian group H2(Y,Z) equipped with
the intersection form. It has rank 22 and signature (3, 19), and isomorphic to
L = E8⊥E8⊥U⊥U⊥U (5.1)
as an abstract lattice. Here E8 is the negative-definite even unimodular lattice of type E8
and U is the even unimodular indefinite lattice of rank two. For a K3 surface Y , set
∆(Y ) = {δ ∈ Pic(Y ) | (δ, δ) = −2}. (5.2)
Let L be a line bundle such that [L] = δ ∈ Pic(Y ). Riemann-Roch theorem gives
h0(L) + h0(L∨) ≥ 2 + 1
2
(δ, δ), (5.3)
so that either L or L∨ has a non-trivial section, and hence either δ or −δ is effective;
∆(Y ) = ∆(Y )+ ∐∆(Y )−, (5.4)
∆(Y )+ = {δ ∈ ∆(Y ) | δ is effective}, (5.5)
∆(Y )− = −∆(Y )+. (5.6)
The subgroup W (Y ) ⊂ O(L) generated by reflections with respect to elements in ∆(Y )
acts properly discontinuously on the connected component V + of
V (Y ) = {x ∈ H1,1(Y ) ∩H2(Y,R) | (x, x) > 0} (5.7)
containing the Ka¨hler class. The fundamental domain is given by
C(Y ) = {x ∈ V (Y )+ | (x, δ) ≥ 0 for any δ ∈ ∆(Y )+}, (5.8)
and the Ka¨hler cone is given (cf. e.g. [BHPVdV04, Corollary VIII.3.9]) by
C(Y )+ = {x ∈ V (Y )+ | (x, δ) > 0 for any δ ∈ ∆(Y )+}. (5.9)
Recall that
Pic(Y ) = H1,1(Y ) ∩H2(Y ;Z) (5.10)
by the Lefschetz theorem. Set
Pic(Y )+ = C(Y ) ∩H2(Y ;Z), (5.11)
Pic(Y )++ = C(Y )+ ∩H2(Y ;Z). (5.12)
Let M be an even non-degenerate lattice of signature (1, t) where 0 ≤ t ≤ 19. Choose
one of two connected components of
V (M) = {x ∈MR | (x, x) > 0} (5.13)
and call it V (M)+. Choose a subset ∆(M)+ of
∆(M) = {δ ∈M | (δ, δ) = −2} (5.14)
such that
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1. ∆(M) = ∆(M)+ ∐∆(M)− where ∆(M)− = {−δ | δ ∈ ∆(M)+}, and
2. ∆(M)+ is closed under addition (but not subtraction).
Define
C(M)+ =
{
h ∈ V (M)+ ∩M ∣∣ (h, δ) > 0 for all δ ∈ ∆(M)+} . (5.15)
The notion of a lattice-polarized K3 surface is introduced by Nikulin [Nik79a]. The
following definition is taken from [Dol96, Section 1]:
Definition 5.1. An M-polarized K3 surface is a pair (Y, j) where Y is a K3 surface
and j : M →֒ Pic(Y ) is a primitive lattice embedding. An isomorphism of M-polarized
K3 surfaces (Y, j) and (Y ′, j′) is an isomorphism f : Y → Y ′ of K3 surfaces such that
j = f ∗ ◦ j′. An M-polarizaed K3 surface is pseudo-ample if
j(C(M)+) ∩ Pic(Y )+ 6= ∅, (5.16)
and ample if
j(C(M)+) ∩ Pic(Y )++ 6= ∅. (5.17)
Assume that for any two primitive embeddings ι1, ι2 : M →֒ L, there exists an isometry
σ : L → L such that σ ◦ ι1 = ι2. Fix a primitive lattice embedding iM : M →֒ L and let
N = M⊥ be the orthogonal complement. The period domain
D(M) = {[Ω] ∈ P(N ⊗ C) | (Ω,Ω) = 0, (Ω,Ω) > 0} (5.18)
can be identified with the symmetric homogeneous space O(2, 19−t)/SO(2)×O(19−t) of
oriented positive-definite 2-planes in NR. It consists of two onnected components D+(M)
and D−(M), each of which is isomorphic to a bounded Hermitian domain of type IV. Set
Γ(M) = {σ ∈ O(L) | σ(m) = m for any m ∈M} (5.19)
and ΓM be its image under the natural injective homomorphism Γ(M) →֒ O(N). Global
Torelli theorem and surjectivity of the period map show that D+0 (M)/ΓM is the coarse
moduli space of ample M-polarized K3 surfaces, where
D+0 (M) = D+(M) \
 ⋃
δ∈∆(N)
δ⊥
 (5.20)
is the complement of reflection hyperplanes
δ⊥ = {z ∈ D+(M) | (z, δ) = 0}. (5.21)
The closure of D+(M) in the compact dual
Dˇ(M) = {[Ω] ∈ P(N ⊗ C) | (Ω,Ω) = 0} (5.22)
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of the period domain is denoted by D(M). Its topological boundary is given by
D(M) \ D+(M) =
⋃
I : isotropic subspace of MR
P(IC) ∩ D(M).
Since the signature ofM is (2, 19−t), one either has rank I = 1 or 2, so that P(IC)∩D(M)
is one point or isomorphic to the upper half plane. The boundary component is rational
if I is defined over Q. The Satake-Baily-Borel compactification is defined by(
D+(M) ∪
⋃
I : rational
P(IC) ∩ D(M)
)
/ΓM . (5.23)
For a vector f in a lattice S, the positive integer div f is defined as the greatest
common divisor of (f, g) ∈ Z for all g ∈ S. An isotropic vector f is called m-admissible if
div f = m and there exists another isotropic vector g such that (f, g) = m and div g = m.
If M⊥ has an m-admissible vector f , then one has M⊥ = U(m)⊥Mˇ , where U(m) is the
lattice generated by f and g.
Definition 5.2 (Dolgachev [Dol96, Section 6]). The mirror moduli space is the moduli
space D◦
Mˇ
of ample Mˇ-polarized K3 surfaces.
The case m = 1 is of particular interest. Two sublattices M and Mˇ of the K3 lattice
L are said to be K3-dual if one has
M⊥ = Mˇ⊥U
for a unimodular hyperbolic plane U in L. Nikulin [Nik79b] has shown that two hyperbolic
lattices M and Mˇ are K3-dual if rankM + rank Mˇ = 20 and the discriminant group
A(M) = M∗/M equipped with the discriminant form qM is isomorphic to A(Mˇ) equipped
with −qMˇ . This duality has been investigated by Belcastro [Bel02] in the case of K3
surfaces associated with weighted projective spaces. There are 95 weights where the
minimal model of a general anti-canonical hypersurface of the corresponding weighted
projective space gives a K3 surface [Yon90]. Belcastro computed the Picard lattice of
very general K3 surfaces obtained in this way, and discovered that some of them are K3-
dual with each other. The relation between Belcastro duality and Kobayashi duality is
studied in [Ebe06].
6 Batyrev mirrors
Let Y be a smooth anti-canonical hypersurface in a smooth toric weak Fano 3-fold X .
Here, a weak Fano manifold is a projective manifold whose anti-canonical bundle is nef
and big. It follows from the adjunction formula that Y has the trivial canonical bundle.
Lefschetz hyperplane theorem shows that Y is simply-connected, so that Y is a K3 surface.
Batyrev [Bat94] introduced the following construction of a candidate for the mirror of Y .
Let T ⊂ X be the dense torus and M = Hom(T,C×) be the group of characters so
that T = SpecC[M ]. Let further
∆ = Conv{m ∈M | xm ∈ H0(OX(−KX))} (6.1)
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be the Newton polytope of the anti-canonical bundle of X , where the canonical divisor
KX is the sum of all prime toric divisors, and x
m ∈ C[M ] is the rational function on X
corresponding to m ∈ M . Since X is weak Fano, the polytope ∆ is reflexive, i.e., the
polar dual polytope
∆ˇ = {n ∈N | 〈n,m〉 ≥ −1 for any m ∈ ∆} (6.2)
is also a lattice polytope (i.e., the convex hull of a finite subset of N). Here N =
Hom(M ,Z) is the group of one-parameter subgroups of T.
Recall that the fan polytope of a toric variety is the convex hull of primitive generators
of one-dimensional cones of the fan. Let Σˇ be any unimodular fan inMR =M⊗R whose
fan polytope coincides with ∆. Note that the fan Σˇ lives in MR, whereas one usually
considers a fan inside NR. This comes from the fact that we are working on the mirror
side, where the roles of the torus and the dual torus are interchanged. Let Xˇ be the toric
variety associated with the fan Σˇ. The toric variety Xˇ is weak Fano since ∆ is reflexive,
and a general member Yˇ ∈ |−KXˇ | of the anti-canonical linear system is a smooth K3
surface.
Let Pictor(Y ) be the sublattice of the Picard lattice Pic(Y ) generated by restrictions
of the toric divisors of X . Some of the restrictions of the toric divisors may be reducible,
and we write the sublattice of Pic(Y ) generated by irreducible components of restrictions
of toric divisors as Piccor(Y ) following [Whi]. The classification by Kreuzer and Skarke
[KS98] shows that there are 4319 reflexive polytopes in dimension 3. Rohsiepe [Roh]
computed Pictor(Y ) and Piccor(Y ) for all of them, and showed that Piccor(Y ) and Pictor(Yˇ )
are K3-dual.
7 Classical mirror symmetry
Let N ∼= Z3 be a free abelian group of rank three and M = Hom(N ,Z) be the dual
group. Let further (Σ, Σˇ) be a pair of unimodular fans inNR =N⊗R andMR =M⊗R
whose fan polytopes (∆, ∆ˇ) are polar dual to each other. The set of generators of one-
dimensional cones of the fan Σ will be denoted by {b1, . . . , bm} ⊂ N . One has the fan
sequence
0→ L→ Zm β−→N → 0 (7.1)
and the divisor sequence
0→M β∗−→ (Zm)∗ −→ L∗ → 0, (7.2)
where β sends the i-th coordinate vector to bi and
Pic(X) ∼= H2(X ;Z) ∼= L∗. (7.3)
Set M = L∗ ⊗ C× and Tˇ =M ⊗ C× so that one has the exact sequence
1→ Tˇ→ (C×)m →M→ 1. (7.4)
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The uncompactified mirror Yˇ ◦α of a smooth anticanonical hypersurface Y ⊂ X is defined
by
Yˇ ◦α = {y ∈ Tˇ |Wα(y) =
m∑
i=1
αiy
bi = 1} (7.5)
where α = (α1, . . . , αm) ∈ (C×)m. We will study symplectic geometry of Y , so that the
defining equation of Y is irrelevant. The closure Yˇα of Yˇ
◦
α in Xˇ for general α is a smooth
anti-canonical K3 hypersurface, which is the compact mirror of Y . We say that Yˇα is
Σˇ-regular if the intersection of Yˇα with any toys orbit of Xˇ is a smooth subvariety of
codimension one. Let (C×)mreg be the set of α ∈ (C×)m such that Yˇα is Σˇ-regular, and˜ˇϕ : ˜ˇY→ (C×)mreg be the second projection from˜ˇ
Y = {(y, α) ∈ Xˇ × (C×)mreg |Wα(y) = 1}. (7.6)
The quotient of the family ˜ˇϕ : ˜ˇY→ (C×)mreg by the free Tˇ-action
t · (y, (α1, . . . , αm)) = (t−1y, (tb1α1, . . . , tbmαm)) (7.7)
will be denoted by ϕˇ : Yˇ→Mreg, whereMreg = (C×)mreg/Tˇ. The residue part ofH2(Yˇα;C)
is defined as the image of the residue map:
H2res(Yˇα;C) := Im(Res: H
0(Xˇ,Ω3Xˇ(∗Yˇα))→ H2(Yˇα;C)). (7.8)
One can show [Iri11, Section 6.3] that H2res(Yˇα;C) can be identified with the lowest
weight component W2(H
2(Yˇ ◦α ;C)) of the mixed Hodge structure on H
2(Yˇ ◦α ;C), and hence
comes naturally with a Q-Hodge structure of weight 2. The residual B-model VHS
(HB,∇B, HB,Q,F •B, QB) on Uˇ consists of
• the locally-free subsheaf HB of (R2ϕˇ∗CYˇ)⊗OMreg whose fiber at [α] is H2res(Yˇα;C),
• the Gauss-Manin connection ∇B on HB,
• the rational structure HB,Q ⊂ Ker∇B explained above,
• the standard Hodge filtration F pB,[α] =
⊕
j≥pH
j,2−j
res (Yˇα;C), and
• the intersection form
QB(ω1, ω2) =
∫
Yˇα
ω1 ∪ ω2. (7.9)
The composition
H3(Tˇ, Yˇ
◦
α ;C)
∂−−→ H2(Yˇ ◦α ;C)→ H2(Yˇα;C) PD−−−→ H2(Yˇα;C) (7.10)
gives a surjection VC: H3(Tˇ, Yˇ
◦
α ;C) → H2res(Yˇα;C) called the vanishing cycle map . The
image of Hn(Tˇ, Yˇ
◦
α ;Z) by the vanishing cycle map defines the vanishing cycle integral
structure HvcB,Z ⊂ HB,Q on the residual B-model VHS [Iri11, Definition 6.7].
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On the A-model side, let
H•amb(Y ;C) = Im(ι
∗ : H•(X ;C)→ H•(Y ;C)) (7.11)
be the subspace of H•(Y ;C) coming from the cohomology classes of the ambient toric
variety, and set
U = {τ ∈ H2amb(Y ;C) | Re 〈τ, d〉 ≤ −M for any non-zero d ∈ Eff(Y )} (7.12)
for some sufficiently large M . Here Eff(Y ) is the semigroup of effective curves. This
open subset U is considered as a neighborhood of the large radius limit point. Choose
an integral basis p1, . . . , pr of PicX such that each pi is nef, and let (τ
i)ri=1 be the dual
coordinate on H2amb(Y ;C); τ =
∑r
i=1 τ
ipi.
The ambient A-model VHS (HA,∇A,F •A, QA) [Iri11, Definition 6.2] consists of
• the locally free sheaf HA = H•amb(Y )⊗OU ,
• the Dubrovin connection ∇A = d+∑ri=1(pi◦τ ) dτ i : HA → HA ⊗ Ω1U ,
• the Hodge filtration F pA = H≤4−2pamb (Y )⊗OU , and
• the symmetric pairing QA : HA ⊗HA → OU , (α, β) 7→ (2π
√−1)2
(
(−1) deg2 α, β
)
.
Let LY (τ) be the fundamental solution of the quantum differential equation, that is, the
End(H•amb(Y ;C))-valued functions satisfying ∇Ai LY (τ) = 0 for i = 1, . . . , r and LY (τ) =
id+O(τ). Since Y is a K3 surface, the quantum cup product ◦τ coincides with the ordinary
cup product, and the fundamental solution is given by L(τ) = exp(−τ)∪(−). Let HA,C =
Ker∇A be the C-local system associated with ∇A and define the integral local subsystem
HambA,Z ⊂ HA,C as
HambA,Z =
{
(2π
√−1)−2LY
(
Γ̂Y ∪ (2π
√−1) deg2 ch(ι∗E)
) ∣∣∣ E ∈ K(X)} , (7.13)
where the Γ̂Y is defined in terms of the Chern roots δ1, δ2 of the tangent bundle TY as
Γ̂Y := Γ(1 + δ1)Γ(1 + δ2) [Iri11, Definition 6.3].
The basis {pi}ri=1 of PicX determines a coordinate q = (q1, · · · , qr) onM∼= PicX⊗Z
C×. Let ui ∈ H2(X ;Z) be the Poincare´ dual of the toric divisor corresponding to the
one-dimensional cone R·bi ∈ Σ and v = u1+· · ·+um be the anticanonical class. Givental’s
I-function is defined as the series
IX,Y (q, z) = e
p log q/z
∑
d∈Eff(X)
qd
∏〈d,v〉
k=−∞(v + kz)
∏m
j=1
∏0
k=−∞(uj + kz)∏0
k=−∞(v + kz)
∏m
j=1
∏〈d,uj〉
k=−∞(uj + kz)
,
which gives a multi-valued map from an open subset ofM×C× to the classical cohomology
ring H•(X ;C[z−1]). Givental’s J-function is defined by
JY (τ, z) = LY (τ, z)
−1(1) = exp(τ/z).
If we write
IX,Y (q, z) = F (q) +
G(q)
z
+
H(q)
z2
+O(z−3),
22
then Givental’s mirror theorem [Giv96, Giv98, CG07] states that
Euler(ω−1X ) ∪ IX,Y (q, z) = F (q) · ι∗JY (ς(q), z), (7.14)
where Euler(ω−1X ) ∈ H2(X ;Z) is the Euler class of the anticanonical bundle of X , and the
mirror map ς(q) :M→ H2amb(Y ;C) is a multi-valued map defined by
ς(q) = ι∗
(
G(q)
F (q)
)
. (7.15)
The functions F (q), G(q) and H(q) satisfy the Gelfand–Kapranov–Zelevinsky hypergeo-
metric differential equations, and give periods for the B-model VHS (HB,∇B,F •B, QB).
Iritani [Iri11, Theorem 6.9] lifted the mirror theorem (7.14) to an isomorphism of integral
variations of pure and polarized Hodge structures.
An important step in the proof of [Iri11, Theorem 6.9] is the identification, given in the
proof of [Iri11, Theorem 5.7], of the monodromy of the B-model VHS along an element ℓ
of π1(L
∨
C×
) ∼= L∨ in the neighborhood of the large complex structure limit point, with the
isometry
(−)⊗ ι∗(L∨) : N (Yˇα)→ N (Yˇα) (7.16)
induced by the tensor product of the restriction to Yˇα of the dual of the line bundle L on
Xˇ with c1(L) = ℓ ∈ L∨ ∼= Pic Xˇ . Note that the isometry (7.16) lifts to an autoequivalence
of Db coh Yˇ . The relation between monodromy of period map and autoequivalence of the
derived category goes back to [Kon98, Hor].
Givental’s mirror theorem (7.14) (and its integral lift by Iritani) gives an isomorphism
of the A-model VHS and the B-model VHS only in a neighborhood of the large radius limit
point. A global study of the period map from the point of view of mirror symmetry has
been done for the quartic mirror family of K3 surfaces in [Har13] based on earlier works
[NS95, NS01]. Similar analysis for a couple of 2-parameter cases has been performed in
[HNU] based on earlier works [Nag12, Nag13].
8 Dolgachev conjecture
Let (∆, ∆ˇ) be a polar dual pair of three-dimensional reflexive polytopes. Let further X be
a smooth toric weak Fano 3-fold whose fan polytope is ∆ˇ, and Xˇ be another smooth toric
weak Fano 3-fold whose fan polytope is ∆. In other words, ∆ is the Newton polytope
of H0(OX(−KX)), and ∆ˇ is the Newton polytope of H0(OXˇ(−KXˇ)). Let Y ⊂ X and
Yˇ ⊂ Xˇ be smooth anticanonical hypersurfaces. Define M∆ ⊂ H2(Y ;Z) as the primitive
sublattice generated by HambA,Z (Y ) ∩H2(Y,Z), and similarly for M∆ˇ ⊂ H2(Yˇ ,Z).
Conjecture 8.1 (Dolgachev [Dol96, Conjecture (8.6)]).
1. There exist a lattice Mˇ∆ and an orthogonal decomposition M
⊥
∆ = U⊥Mˇ∆.
2. There exists a primitive embedding M∆ˇ ⊂ Mˇ∆.
3. The equality M∆ˇ = Mˇ∆ holds if and only if M∆
∼= PicY.
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Let HA,Z(Y ) and HB,Z(Y ) be the primitive sublattices of H
∗(Y ;Z) generated by
HambA,Z (Y ) and H
vc
B,Z(Y ) respectively. Let further M
0
∆ be the orthogonal complement of
M∆ inside NS(Y ). One has
HA,Z(Y ) = U ⊕M∆ (8.1)
where U is the unimodular hyperbolic plane generated by the classes [OY ] and [Op] of the
structure sheaf and a skyscraper sheaf. One has sublattices
HambA,Z (Y )⊥M0∆⊥HvcB,Z(Y ) ⊂ H∗(Y ;Z),
HvcB,Z(Yˇ )⊥M0∆ˇ⊥HambA,Z (Yˇ ) ⊂ H∗(Yˇ ;Z)
(8.2)
and isomorphisms
MirZY : H
amb
A,Z (Y )
∼−→ HvcB,Z(Yˇ ),
MirZYˇ : H
amb
A,Z (Yˇ )
∼−→ HvcB,Z(Y ).
(8.3)
The ranks of the sublattices are given by
rankHambA,Z (Y ) = #((∆
◦)(1) ∩N)− 3, (8.4)
rankHvcB,Z(Y ) = #(∆
(1) ∩M)− 3, (8.5)
rankM0∆ =
∑
γ∈∆(1)
ℓ∗(γ)ℓ∗(γ∗), (8.6)
where ∆(1) denotes the 1-skeleton of the polytope ∆, and ℓ∗(γ) denotes the number
of interior lattice points of an interval γ ([DK86, §5.11], [Kob08, Proposition 4.3.3]).
Conjecture 8.1.1 holds since the isomorphisms (8.3) lifts to the hyperbolic plane U =
Z[OYˇ ] ⊕ Z[Op] ⊂ HB,Z(Yˇ ) by [Iri11, Theorem 6.10]. Conjectures 8.1.2 and 8.1.3 hold if
the isomorphisms (8.3) lifts to an isomorphism
HA,Z(Y )
∼−→ HB,Z(Yˇ ),
HA,Z(Yˇ )
∼−→ HB,Z(Y )
(8.7)
of overlattices.
9 Stability conditions
Stability conditions are introduced by Bridgeland [Bri09] motivated by stability of BPS
D-branes studied by string theorists [Dou02].
Definition 9.1 ([Bri07, Definition 1.1]). A stability condition on a triangulated category
T is a pair σ = (Z,P) consisting of
• a group homomorphism Z : K(T )→ C, and
• full additive subcategories P(φ) for each φ ∈ R
satisfying the following conditions:
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1. If 0 6= E ∈ P(φ), then Z(E) = m(E) exp(iπφ) for some m(E) ∈ R>0,
2. for all φ ∈ R, P(φ + 1) = P(φ)[1],
3. for Aj ∈ P(φj) (j = 1, 2) with φ1 > φ2, one has HomT (A1, A2) = 0,
4. for every non-zero object E ∈ T , there is a finite sequence of real numbers
φ1 > φ2 > · · · > φn
and a collection of triangles
0 = E0 E1 E2 · · · En−1 En = E
A1 A2 An (9.1)
with Aj ∈ P(φj) for all j.
The homomorphism Z is called the central charge, and the diagram (9.1) is called
the Harder-Narasimhan filtration. It follows from the definition that P(φ) is an abelian
category, and its non-zero object E ∈ P(φ) is said to be semistable of phase φ. An object
E is said to be stable if it is a simple object of P(φ), i.e., there are no proper subobjects
of E in P (φ). By [Bri07, Proposition 5.3], giving a stability condition on a triangulated
category T is equivalent to giving a bounded t-structure on T and a stability function on
its heart with the Harder-Narasimhan property. For the definitions of a stability function
and the Harder-Narasimhan property, see [Bri07, §2].
Assume that the numerical Grothendieck group N (N ) of finite rank, and take a norm
‖ · ‖ on the finite-dimensional vector space N (T )⊗R. A stability condition is numerical
if the central charge Z : K(T ) → C factors through the numerical Grothendieck group.
A numerical stability condition is said to satisfy the support condition [KS] if there is a
positive constant K such that for any E ∈ P(φ), one has
|Z(E)| ≥ K‖E‖. (9.2)
The set of numerical stability conditions satisfying the support condition is denoted by
Stab T . There is a natural topology on Stab T such that the forgetful map
Z : Stab T → Hom(N (T ),C)
∈ ∈
(Z,P) 7→ Z
(9.3)
is a local homeomorphism. This local homeomorphism induces a structure of a complex
manifold on Stab T .
Since the definition of Stab T depends only on the triangulated structure of T , the
group Aut T of autoequivalences of T as a triangulated category acts naturally on Stab T
from the left; for σ = (Z,P) ∈ StabT and Φ ∈ Aut T ,
Φ(σ) = (Z ◦ Φ−1∗ ,Φ(P)) (9.4)
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where Φ∗ : N (T ) → N (T ) is the automorphism induced by Φ. This action commutes
with the right action of the universal cover G˜L(2,R) of the general linear group GL+(2,R)
with positive determinant, which “rotates” the central charge [Bri07, Lemma 8.2].
If T = D(Y ) is the bounded derived category of coherent sheaves on a smooth projec-
tive variety Y , then Stab T will be denoted by Stab(Y ). A stability condition is geometric
if all skyscraper sheaves Ox are stable of the same phase. When Y is a K3 surface, then
there is a distinguished connected component Stab†(Y ) containing geometric stability
conditions. Let Stab∗(Y ) be the union of connected components of Stab(Y ) which are
images of Stab†(Y ) by the action of AutD(Y ).
The derived categories D(Y ) and D(Y ′) of K3 surfaces Y and Y ′ are equivalent as
a triangulated category if and only if there exists a Hodge isometry between the tran-
scendental lattices of Y and Y ′ [Orl97, Theorem 3.3]. An autoequivalence Φ ∈ AutD(Y )
induces a Hodge isometry Φ∗ : H∗(Y ;Z) → H∗(Y ;Z) making the following diagram
commutative;
Db cohY
Φ−−−→ Db cohY
ch(−)√tdY
y ch(−)√tdYy
H∗(Y ;Z)
Φ∗−−−→ H∗(Y ;Z).
(9.5)
This induces a group homomorphism
(−)∗ : AutD(Y )→ AutH∗(Y ;Z) (9.6)
to the group of Hodge isometries, whose image is the index 2 subgroup
Aut+H∗(Y ;Z) ⊂ AutH∗(Y ;Z) (9.7)
of Hodge isometries preserving the orientation of positive-definite 4-planes [HLOY04,
HMS09]. The kernel of this homomorphism will be denoted by Aut0D(Y ).
Consider the space
P = {Ω ∈ N (Y )⊗ C | (Ω,Ω) > 0}, (9.8)
which can be identified with the space of pairs (ReΩ, ImΩ) of elements inN (Y )⊗R which
span a positive-definite 2-planes in N (Y ) ⊗ R. The space P consists of two connected
components. We write the connected component containing the vector (1,
√−1ω,−1
2
ω2)
for an ample class ω ∈ NS(Y )⊗ R as P+(Y ). The complement of the union of reflection
hyperplanes for all (−2)-elements is denoted by
P+0 (Y ) = P+(Y ) \
⋃
δ∈∆(Y )
δ⊥. (9.9)
Theorem 9.2 ([Bri08, Theorem 1.1]). The map (9.3) induces a Galois covering
Z : Stab†(Y )→ P+0 (Y ) (9.10)
whose group of deck transformations is the subgroup of Aut0D(Y ) which preserves the
connected component Stab†(Y ).
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Conjecture 9.3 below implies that Aut0D(Y ) ∼= π1(P+0 (Y )).
Conjecture 9.3. Stab∗(Y ) is connected and simply connected.
Let
Q(Y ) = {Ω ∈ P(Y ) | (Ω,Ω) = 0} (9.11)
be a quadric hypersurface of P(Y ) and set Q+0 (Y ) = Q(Y )∩P+0 (Y ). The group GL+2 (R)
acts freely on P+0 (Y ) by rotating (ReΩ, ImΩ). The group C× acts as a subgroup of
GL+2 (R) by rescaling Ω. Since GL
+
2 (R)-orbits in P+0 (Y ) intersects Q+0 (Y ) in a unique
C×-orbit, one has a homeomorphism
P+0 (Y )/GL+2 (R) ∼= Q+0 (Y )/C×, (9.12)
which induces a group isomorphism
π1(P+0 (Y )/GL+2 (R)) ∼= π1(Q+0 (Y )/C×). (9.13)
Since π1(GL
+
2 (R))
∼= π(C×) ∼= π1(S1) ∼= Z, this yields a group isomorphism
π1(P+0 (Y )) ∼= π1(Q+0 (Y )). (9.14)
Let
Aut+CYH
∗(Y ;Z) ⊂ Aut+H∗(Y ;Z) (9.15)
be the subgroup consisting of Hodge isometries which acts trivially onH2,0(Y ) ⊂ H∗(Y ;Z)⊗
C. Such action is usually called symplectic, where CY is the notation in [BB] stand-
ing for Calabi-Yau. An element φ ∈ Aut+H∗(Y ;Z) lies in Aut+CYH∗(Y ;Z) if and
only if φ acts trivially on the transcendental lattice T (Y ): The ‘if’ part is clear since
H2,0(Y ) ⊂ T (Y )⊗ C, and the ‘only if’ part follows from the fact that for any α ∈ T (Y ),
the element φ(α) − α is integral and orthogonal to both H2,0(Y ) and N (Y ), and hence
zero. It follows that Aut+CYH
∗(Y ;Z) is isomorphic to the index 2 subgroup of the group
AutN (Y ) of isometries of N (Y ) preserving orientations of positive-definite 2-planes.
Define AutCY(D(Y )) by
AutCY(D(Y )) = {Φ ∈ Aut(D(Y )) | Φ∗ ∈ Aut+CYH∗(Y ;Z)}. (9.16)
Conjecture 9.3 gives an exact sequence
1→ π1(P+0 (Y ))→ AutD(Y )→ Aut+H∗(Y ;Z)→ 1, (9.17)
which together with (9.14), (9.15) and (9.16) induces a short exact sequence
1→ π1(Q0(Y ))→ AutCYD(Y )→ Aut+CYH∗(Y ;Z)→ 1 (9.18)
and an isomorphism
πorb1 ([Q0(Y )/Aut+CYH∗(Y ;Z)]) ∼= AutCYD(Y ). (9.19)
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Since the natural action of C× on Q+0 (Y ) is free and commutes with the action of
Aut+CYH
∗(Y ), the orbifold quotient [Q0(Y )/Aut+CYH∗(Y ;Z)] is a principal C×-bundle
over the moduli space M0(Y ) = [D+0 (Y )/Aut+CYH∗(Y ;Z)] of ample NS(Y )-polarized K3
surfaces. The associated long exact sequence of homotopy groups
1→ π1(C×)→ πorb1 ([Q0(Y )/Aut+CYH∗(Y ;Z)])→ πorb1 (M0(Y ))→ 1 (9.20)
gives
1→ Z→ AutCYD(Y )→ πorb1 (M0(Y ))→ 1. (9.21)
The map Z → AutCYD(Y ) sends 1 ∈ Z to the shift [2] ∈ AutCYD(Y ), so that Conjec-
ture 9.3 implies (and is in fact equivalent to) the isomorphism
πorb1 (M0(Y )) ∼= AutCYD(Y )/[2]. (9.22)
10 Borcea-Voisin mirrors
An involution ι : S → S on a K3 surface S is said to be symplectic if the induced map
ι∗ : H2,0(S) → H2,0(S) on H2,0(S) is the identity map, and anti-symplectic if it is minus
the identity map. A 2-elementary K3 surface is a pair (K, ι) of a K3 surface and an
anti-symplectic involution ι. Any 2-elementary K3 surface is algebraic.
Decompose H2(S;C) into the (+1)-and (−1)-eigenspaces H2(S;C)+ and H2(S;C)−
of the action ι∗ : H2(S;C)→ H2(S;C), and set H2(S;Z)± = H2(S;C)± ∩H2(S;Z). The
signatures of H2(S;Z)+ and H2(S;Z)− are given by (1, r−1) and (2, 20− r) respectively,
where r is the rank of H2(S;Z)+.
A lattice M of rank r is 2-elementary if AM = M
∨/M ∼= (Z/2Z)a, where a is the
minimal number of generators of AM . The induced quadratic form qM : AM → Q/2Z is
called the discriminant form. The parity of qM is defined by
δ =
{
0 qM(AM) ⊂ Z,
1 otherwise.
(10.1)
The triple (r, a, δ) is called the main invariant of M .
Theorem 10.1 ([Nik79c, Theorem 4.3.2]). The isometry class of a hyperbolic even 2-
elementary lattice is determined by the main invariant.
If (S, ι) is a 2-elementary K3 surface, then H2(S;Z)+ s a 2-elementary lattice. The
main invariant of a 2-elementary K3 surface (S, ι) is defined as the main invariant of the
2-elementary lattice H2(S;Z)+.
Theorem 10.2 ([Nik79c, Theorem 4.2.2]). Let (S, ι) be a 2-elementary K3 surface with
main invariant (r, a, δ). Then the fixed locus Sι ⊂ S is given as follows:
• If (r, a, δ) = (10, 10, 0), then Sι = ∅.
• If (r, a, δ) = (10, 8, 0), then Sι is the union of two elliptic curves.
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• In all other cases, Sι is the disjoint union Sι = Cg∐E1∐ · · ·∐Ek of a curve Cg
of genus g and rational curves E1, . . . , Ek with
g = 11− r + a
2
, k =
r − a
2
. (10.2)
Let ι : E → E be an involution on an elliptic curve E. The induced map ι∗ : H1,0(E)→
H1,0(E) is either id or − id. The quotient E/ 〈ι〉 is isomorphic to an ellitptic curve if
ι∗ = id, and to P1 if ι∗ = − id.
Let (S, ι1) be a 2-elementary K3 surface, and (E, ι2) be an elliptic curve with an
involution with E/ 〈ι2〉 ∼= P1. Then the product ι = ι1 × ι2 is an involution on S × E
such that the induced map ι∗ : H3,0(S × E) → H3,0(S × E) is the identity map. If we
write the irreducible components of the fixed loci of ι1 and ι2 as C1, . . . , Cn and p1, . . . p4
respectively, then the fixed point of ι consists of Ci × pj for i = 1, . . . , n = k + 1 and
j = 1, . . . , 4. The involution ι lifts naturally to an involution ι˜ on the blow-up (S × E)∼
of S × E along these 4n curves, and the quotient will be denoted by Y = (S × E)∼/ 〈ι˜〉.
Theorem 10.3 ([Bor97, Voi93]). Y is a smooth Calabi-Yau 3-fold with
h1,1(Y ) = 11 + 5n− g, h2,1(Y ) = 11 + 5g − n. (10.3)
The classification of hyperbolic even 2-elementary lattices admitting primitive embed-
ding in the K3 lattice is given in [Nik79c, Table 1]. One can immediately see from the
table that if one restricts to g > 0 and (r, a, δ) 6= (14, 6, 0), then there is a 2-elementary K3
surface (S, ι) with main invariants (r, a, δ) if and only if there is a 2-elementary K3 surface
(Sˇ, ιˇ) with main invariants (rˇ, aˇ, δˇ) = (20− r, a, δ). Take an elliptic curve (Eˇ, ιˇ2) with an
involution such that Eˇ/ιˇ2 ∼= P1. The Calabi-Yau 3-fold associated with ((Sˇ, ιˇ1), (Eˇ, ιˇ2))
will be denoted by Yˇ = (Sˇ × Eˇ)∼/ 〈(ιˇ1, ιˇ2)〉. Then one has
h1,1(Y ) = h2,1(Yˇ ), h2,1(Y ) = h1,1(Yˇ ). (10.4)
The pair (Y, Yˇ ) is called a Borcea-Voisin mirror pair.
References
[ABS] Michela Artebani, Samuel Boissie`re, and Alessandra Sarti, The Berglund-
Hu¨bsch-Chiodo-Ruan mirror symmetry for K3 surfaces, arXiv:1108.2780.
[AGZV85] V. I. Arnol′d, S. M. Guse˘ın-Zade, and A. N. Varchenko, Singularities of
differentiable maps. Vol. I, Monographs in Mathematics, vol. 82, Birkha¨user
Boston Inc., Boston, MA, 1985, The classification of critical points, caustics
and wave fronts, Translated from the Russian by Ian Porteous and Mark
Reynolds. MR 777682 (86f:58018)
[AGZV88] , Singularities of differentiable maps. Vol. II, Monographs in Math-
ematics, vol. 83, Birkha¨user Boston Inc., Boston, MA, 1988, Monodromy
and asymptotics of integrals, Translated from the Russian by Hugh Porte-
ous, Translation revised by the authors and James Montaldi. MR 966191
(89g:58024)
29
[AM97] Paul S. Aspinwall and David R. Morrison, String theory on K3 surfaces,
Mirror symmetry, II, AMS/IP Stud. Adv. Math., vol. 1, Amer. Math. Soc.,
Providence, RI, 1997, pp. 703–716. MR 1416354 (97i:81128)
[Arn75] V. I. Arnol′d, Critical points of smooth functions, Proceedings of the In-
ternational Congress of Mathematicians (Vancouver, B. C., 1974), Vol. 1,
Canad. Math. Congress, Montreal, Que., 1975, pp. 19–39. MR 0431217 (55
#4218)
[Bat94] Victor V. Batyrev, Dual polyhedra and mirror symmetry for Calabi-Yau
hypersurfaces in toric varieties, J. Algebraic Geom. 3 (1994), no. 3, 493–
535. MR MR1269718 (95c:14046)
[BB] Arend Bayer and Tom Bridgeland, Derived automorphism groups of K3
surfaces of Pcard rank 1, arXiv:1310.8266.
[Bel02] Sarah-Marie Belcastro, Picard lattices of families of K3 surfaces, Comm.
Algebra 30 (2002), no. 1, 61–82. MR 1880661 (2003d:14048)
[BH93] Per Berglund and Tristan Hu¨bsch, A generalized construction of mirror
manifolds, Nuclear Phys. B 393 (1993), no. 1-2, 377–391. MR MR1214325
(94k:14031)
[BH95] Per Berglund and Ma˚ns Henningson, Landau-Ginzburg orbifolds, mirror
symmetry and the elliptic genus, Nuclear Phys. B 433 (1995), no. 2, 311–
332. MR 1310310 (96d:58131)
[BHPVdV04] Wolf P. Barth, Klaus Hulek, Chris A. M. Peters, and Antonius Van de Ven,
Compact complex surfaces, second ed., Ergebnisse der Mathematik und
ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics
[Results in Mathematics and Related Areas. 3rd Series. A Series of Modern
Surveys in Mathematics], vol. 4, Springer-Verlag, Berlin, 2004. MR 2030225
(2004m:14070)
[Bor97] Ciprian Borcea, K3 surfaces with involution and mirror pairs of Calabi-Yau
manifolds, Mirror symmetry, II, AMS/IP Stud. Adv. Math., vol. 1, Amer.
Math. Soc., Providence, RI, 1997, pp. 717–743. MR 1416355 (97i:14023)
[Bri07] Tom Bridgeland, Stability conditions on triangulated categories, Ann. of
Math. (2) 166 (2007), no. 2, 317–345. MR 2373143 (2009c:14026)
[Bri08] , Stability conditions on K3 surfaces, Duke Math. J. 141 (2008),
no. 2, 241–291. MR 2376815 (2009b:14030)
[Bri09] , Stability conditions and Kleinian singularities, Int. Math. Res. Not.
IMRN (2009), no. 21, 4142–4157. MR 2549952 (2011b:14038)
[Buc87] Ragnar-Olaf Buchweitz, Maximal Cohen-Macaulay modules
and Tate-cohomology over Gorenstein rings, Available from
https://tspace.library.utoronto.ca/handle/1807/16682, 1987.
30
[CdlOGP91] Philip Candelas, Xenia C. de la Ossa, Paul S. Green, and Linda Parkes, A
pair of Calabi-Yau manifolds as an exactly soluble superconformal theory,
Nuclear Phys. B 359 (1991), no. 1, 21–74. MR MR1115626 (93b:32029)
[CG07] Tom Coates and Alexander Givental, Quantum Riemann-Roch, Lefschetz
and Serre, Ann. of Math. (2) 165 (2007), no. 1, 15–53. MR 2276766
(2007k:14113)
[CIR] Alessandro Chiodo, Hiroshi Iritani, and Yongbin Ruan, Landau-
Ginzburg/Calabi-Yau correspondence, global mirror symmetry and Orlov
equivalence, arXiv:1201.0813.
[CLPS] Paola Comparin, Christopher Lyons, Nathan Priddis, and Rachel Suggs,
The mirror symmetry of K3 surfaces with non-symplectic automorphisms
of prime order, arXiv:1211.2172.
[CR10] Alessandro Chiodo and Yongbin Ruan, Landau-Ginzburg/Calabi-Yau cor-
respondence for quintic three-folds via symplectic transformations, Invent.
Math. 182 (2010), no. 1, 117–165. MR 2672282 (2012b:14110)
[DK86] V. I. Danilov and A. G. Khovanski˘ı, Newton polyhedra and an algorithm
for calculating Hodge-Deligne numbers, Izv. Akad. Nauk SSSR Ser. Mat.
50 (1986), no. 5, 925–945. MR MR873655 (88i:32032)
[Dol83] Igor Dolgachev, Integral quadratic forms: applications to algebraic geometry
(after V. Nikulin), Bourbaki seminar, Vol. 1982/83, Aste´risque, vol. 105,
Soc. Math. France, Paris, 1983, pp. 251–278. MR 728992 (85f:14036)
[Dol96] I. V. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces, J.
Math. Sci. 81 (1996), no. 3, 2599–2630, Algebraic geometry, 4. MR 1420220
(97i:14024)
[Dou02] Michael R. Douglas, Dirichlet branes, homological mirror symmetry, and
stability, Proceedings of the International Congress of Mathematicians, Vol.
III (Beijing, 2002) (Beijing), Higher Ed. Press, 2002, pp. 395–408. MR
MR1957548 (2004c:81200)
[Ebe99] Wolfgang Ebeling, Strange duality, mirror symmetry, and the Leech lattice,
Singularity theory (Liverpool, 1996), London Math. Soc. Lecture Note Ser.,
vol. 263, Cambridge Univ. Press, Cambridge, 1999, pp. xv–xvi, 55–77. MR
1709346 (2000g:14045)
[Ebe06] , Mirror symmetry, Kobayashi’s duality, and Saito’s duality, Kodai
Math. J. 29 (2006), no. 3, 319–336. MR 2278769 (2007k:14072)
[Eis80] David Eisenbud, Homological algebra on a complete intersection, with an
application to group representations, Trans. Amer. Math. Soc. 260 (1980),
no. 1, 35–64. MR MR570778 (82d:13013)
31
[ET11] Wolfgang Ebeling and Atsushi Takahashi, Strange duality of weighted ho-
mogeneous polynomials, Compos. Math. 147 (2011), no. 5, 1413–1433. MR
2834726
[EW85] W. Ebeling and C. T. C. Wall, Kodaira singularities and an extension of
Arnol′d’s strange duality, Compositio Math. 56 (1985), no. 1, 3–77. MR
806842 (87d:14027)
[FJR13] Huijun Fan, Tyler Jarvis, and Yongbin Ruan, The Witten equation, mirror
symmetry, and quantum singularity theory, Ann. of Math. (2) 178 (2013),
no. 1, 1–106. MR 3043578
[FOOO09] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono, Lagrangian
intersection Floer theory: anomaly and obstruction, AMS/IP Studies in Ad-
vanced Mathematics, vol. 46, American Mathematical Society, Providence,
RI, 2009. MR MR2553465
[FU11] Masahiro Futaki and Kazushi Ueda, Homological mirror symmetry for
Brieskorn-Pham singularities, Selecta Math. (N.S.) 17 (2011), no. 2, 435–
452.
[FU13] , Homological mirror symmetry for singularities of type D, Math. Z.
273 (2013), no. 3-4, 633–652. MR 3030671
[Fuk93] Kenji Fukaya, Morse homotopy, A∞-category, and Floer homologies, Pro-
ceedings of GARC Workshop on Geometry and Topology ’93 (Seoul, 1993)
(Seoul), Lecture Notes Ser., vol. 18, Seoul Nat. Univ., 1993, pp. 1–102. MR
MR1270931 (95e:57053)
[Gab74] A. M. Gabrie`lov, Dynkin diagrams of unimodal singularities, Funkcional.
Anal. i Prilozˇen. 8 (1974), no. 3, 1–6. MR 0367274 (51 #3516)
[Gep87] Doron Gepner, Exactly solvable string compactifications on manifolds of
SU(N) holonomy, Phys. Lett. B 199 (1987), no. 3, 380–388. MR 929596
(89h:83035)
[GHK] Mark Gross, Paul Hacking, and Sean Keel, Mirror symmetry for log Calabi-
Yau surfaces II, arXiv:1106.4977.
[Giv96] Alexander Givental, Equivariant Gromov-Witten invariants, Internat.
Math. Res. Notices (1996), no. 13, 613–663. MR MR1408320 (97e:14015)
[Giv98] , A mirror theorem for toric complete intersections, Topological field
theory, primitive forms and related topics (Kyoto, 1996), Progr. Math., vol.
160, Birkha¨user Boston, Boston, MA, 1998, pp. 141–175. MR MR1653024
(2000a:14063)
[GP90] B. R. Greene and M. R. Plesser, Duality in Calabi-Yau moduli space, Nu-
clear Phys. B 338 (1990), no. 1, 15–37. MR MR1059831 (91h:32018)
32
[Gro] Mark Gross, Mirror symmetry and the Strominger-Yau-Zaslow conjecture,
arXiv:1212.4220.
[GS11] Mark Gross and Bernd Siebert, From real affine geometry to complex ge-
ometry, Ann. of Math. (2) 174 (2011), no. 3, 1301–1428. MR 2846484
[Har13] Heinrich Hartmann, Period- and mirror-maps for the quartic K3,
Manuscripta Math. 141 (2013), no. 3-4, 391–422. MR 3062592
[HLOY04] Shinobu Hosono, Bong H. Lian, Keiji Oguiso, and Shing-Tung Yau, Au-
toequivalences of derived category of a K3 surface and monodromy trans-
formations, J. Algebraic Geom. 13 (2004), no. 3, 513–545. MR 2047679
(2005f:14076)
[HMS09] Daniel Huybrechts, Emanuele Macr`ı, and Paolo Stellari, Derived equiva-
lences of K3 surfaces and orientation, Duke Math. J. 149 (2009), no. 3,
461–507. MR 2553878 (2010j:14075)
[HNU] Kenji Hashimoto, Atsuhira Nagano, and Kazushi Ueda, Modular surfaces
associated with toric K3 hypersurfaces, arXiv:1403.5818.
[Hor] Richard Paul Horja, Hypergeometric functions and mirror symmetry in
toric varieties, arXiv:math/9912109.
[Ino77] M. Inoue, New surfaces with no meromorphic functions. II, Complex analy-
sis and algebraic geometry, Iwanami Shoten, Tokyo, 1977, pp. 91–106. MR
0442297 (56 #683)
[Iri11] Hiroshi Iritani, Quantum cohomology and periods, Ann. Inst. Fourier
(Grenoble) 61 (2011), no. 7, 2909–2958. MR 3112512
[Kar77] Ulrich Karras, Deformations of cusp singularities, Several complex vari-
ables (Proc. Sympos. Pure Math., Vol. XXX, Part 1, Williams Coll.,
Williamstown, Mass., 1975), Amer. Math. Soc., Providence, R.I., 1977,
pp. 37–44. MR 0472811 (57 #12501)
[Kea] Ailsa Keating, Lagrangian tori in four-dimensional Milnor fibres,
arXiv:1405.0744.
[KMU13] Masanori Kobayashi, Makiko Mase, and Kazushi Ueda, A note on excep-
tional unimodal singularities and K3 surfaces, Int. Math. Res. Not. IMRN
(2013), no. 7, 1665–1690. MR 3044454
[Kob08] Masanori Kobayashi, Duality of weights, mirror symmetry and Arnold’s
strange duality, Tokyo J. Math. 31 (2008), no. 1, 225–251. MR 2426805
(2010f:32022)
[Kon95] Maxim Kontsevich, Homological algebra of mirror symmetry, Proceedings
of the International Congress of Mathematicians, Vol. 1, 2 (Zu¨rich, 1994)
(Basel), Birkha¨user, 1995, pp. 120–139. MR MR1403918 (97f:32040)
33
[Kon98] , Lectures at ENS Paris, spring 1998, set of notes taken by J. Bel-
laiche, J.-F. Dat, I. Martin, G. Rachinet and H. Randriambololona, 1998.
[Kra] Marc Krawitz, FJRW rings and Landau-Ginzburg mirror symmetry,
arXiv:0906.0796.
[KS] Maxim Kontsevich and Yan Soibelman, Stability structures, mo-
tivic Donaldson-Thomas invariants and cluster transformations,
arXiv:0811.2435.
[KS92] Maximilian Kreuzer and Harald Skarke, On the classification of quasiho-
mogeneous functions, Comm. Math. Phys. 150 (1992), no. 1, 137–147. MR
1188500 (93k:32075)
[KS98] , Classification of reflexive polyhedra in three dimensions, Adv.
Theor. Math. Phys. 2 (1998), no. 4, 853–871. MR 1663339 (99m:14100)
[KS06] Maxim Kontsevich and Yan Soibelman, Affine structures and non-
Archimedean analytic spaces, The unity of mathematics, Progr. Math., vol.
244, Birkha¨user Boston, Boston, MA, 2006, pp. 321–385. MR MR2181810
[KV00] M. Kapranov and E. Vasserot, Kleinian singularities, derived categories
and Hall algebras, Math. Ann. 316 (2000), no. 3, 565–576. MR MR1752785
(2001h:14012)
[LLSS] Changzheng Li, Si Li, Kyoji Saito, and Yefeng Shen, Mirror symmetry for
exceptional unimodular singularities, arXiv:1405.4530.
[LS90] Monika Lynker and Rolf Schimmrigk, Landau-Ginzburg theories as orb-
ifolds, Phys. Lett. B 249 (1990), no. 2, 237–242. MR 1079045 (91m:81214)
[Mar90] Emil J. Martinec, Criticality, catastrophes, and compactifications, Physics
and mathematics of strings, World Sci. Publ., Teaneck, NJ, 1990, pp. 389–
433. MR 1104265 (93d:32058)
[Mil68] John Milnor, Singular points of complex hypersurfaces, Annals of Mathe-
matics Studies, No. 61, Princeton University Press, Princeton, N.J.; Uni-
versity of Tokyo Press, Tokyo, 1968. MR 0239612 (39 #969)
[Nag12] Atsuhira Nagano, Period differential equations for the families of K3 sur-
faces with two parameters derived from the reflexive polytopes, Kyushu J.
Math. 66 (2012), no. 1, 193–244. MR 2962398
[Nag13] , A theta expression of the Hilbert modular functions for
√
5 via the
periods of K3 surfaces, Kyoto J. Math. 53 (2013), no. 4, 815–843. MR
3160602
[Nak80] Iku Nakamura, Inoue-Hirzebruch surfaces and a duality of hyperbolic uni-
modular singularities. I, Math. Ann. 252 (1980), no. 3, 221–235. MR 593635
(82g:14007)
34
[Nak84] , On surfaces of class VII0 with curves, Invent. Math. 78 (1984),
no. 3, 393–443. MR 768987 (86e:32034)
[Nik79a] V. V. Nikulin, Finite groups of automorphisms of Ka¨hlerian K3 surfaces,
Trudy Moskov. Mat. Obshch. 38 (1979), 75–137. MR 544937 (81e:32033)
[Nik79b] , Integer symmetric bilinear forms and some of their geometric ap-
plications, Izv. Akad. Nauk SSSR Ser. Mat. 43 (1979), no. 1, 111–177, 238.
MR 525944 (80j:10031)
[Nik79c] , Quotient-groups of groups of automorphisms of hyperbolic forms of
subgroups generated by 2-reflections, Dokl. Akad. Nauk SSSR 248 (1979),
no. 6, 1307–1309. MR 556762 (81d:10011)
[NS95] Masaru Nagura and Katsuyuki Sugiyama, Mirror symmetry of the K3 sur-
face, Internat. J. Modern Phys. A 10 (1995), no. 2, 233–252. MR 1308589
(96c:14030)
[NS01] Norihiko Narumiya and Hironori Shiga, The mirror map for a family of K3
surfaces induced from the simplest 3-dimensional reflexive polytope, Pro-
ceedings on Moonshine and related topics (Montre´al, QC, 1999) (Provi-
dence, RI), CRM Proc. Lecture Notes, vol. 30, Amer. Math. Soc., 2001,
pp. 139–161. MR 1877764 (2002m:14030)
[Orl97] D. O. Orlov, Equivalences of derived categories and K3 surfaces, J. Math.
Sci. (New York) 84 (1997), no. 5, 1361–1381, Algebraic geometry, 7. MR
MR1465519 (99a:14054)
[Orl04] , Triangulated categories of singularities and D-branes in Landau-
Ginzburg models, Tr. Mat. Inst. Steklova 246 (2004), no. Algebr. Geom.
Metody, Svyazi i Prilozh., 240–262. MR MR2101296
[Orl09] Dmitri Orlov, Derived categories of coherent sheaves and triangulated cate-
gories of singularities, Algebra, arithmetic, and geometry: in honor of Yu.
I. Manin. Vol. II, Progr. Math., vol. 270, Birkha¨user Boston Inc., Boston,
MA, 2009, pp. 503–531. MR 2641200 (2011c:14050)
[Pin77] Henry Pinkham, Singularite´s exceptionnelles, la dualite´ e´trange d’Arnold
et les surfaces K − 3, C. R. Acad. Sci. Paris Se´r. A-B 284 (1977), no. 11,
A615–A618. MR 0429876 (55 #2886)
[PV] Alexander Polishchuk and Arkady Vaintrob, Matrix factorizations and co-
homological field theories, arXiv:1105.2903.
[Roh] Falk Rohsiepe, Lattice polarized toric K3 surfaces, arXiv:hep-th/0409290.
[Sai74] Kyoji Saito, Einfach-elliptische Singularita¨ten, Invent. Math. 23 (1974),
289–325. MR MR0354669 (50 #7147)
35
[Sai87] , Regular system of weights and associated singularities, Complex
analytic singularities, Adv. Stud. Pure Math., vol. 8, North-Holland, Am-
sterdam, 1987, pp. 479–526. MR 894306 (88i:32019)
[Sai98a] , Duality for regular systems of weights, Asian J. Math. 2 (1998),
no. 4, 983–1047, Mikio Sato: a great Japanese mathematician of the twen-
tieth century. MR 1734136 (2001d:14035)
[Sai98b] , Duality for regular systems of weights: a pre´cis, Topological field
theory, primitive forms and related topics (Kyoto, 1996), Progr. Math.,
vol. 160, Birkha¨user Boston, Boston, MA, 1998, pp. 379–426. MR 1653033
(99i:32043)
[Sˇcˇe78] I. G. Sˇcˇerbak, Algebras of automorphic forms with three generators,
Funkcional. Anal. i Prilozˇen. 12 (1978), no. 2, 93–94. MR 0568900 (58
#27963)
[Sei01a] Paul Seidel, More about vanishing cycles and mutation, Symplectic geome-
try and mirror symmetry (Seoul, 2000), World Sci. Publishing, River Edge,
NJ, 2001, pp. 429–465. MR MR1882336 (2003c:53125)
[Sei01b] , Vanishing cycles and mutation, European Congress of Mathemat-
ics, Vol. II (Barcelona, 2000), Progr. Math., vol. 202, Birkha¨user, Basel,
2001, pp. 65–85. MR MR1905352 (2003i:53128)
[Sei08] , Fukaya categories and Picard-Lefschetz theory, Zurich Lectures in
Advanced Mathematics, European Mathematical Society (EMS), Zu¨rich,
2008. MR MR2441780
[Sei11] , Homological mirror symmetry for the quartic surface,
math.AG/0310414, 2011.
[SYZ96] Andrew Strominger, Shing-Tung Yau, and Eric Zaslow, Mirror symmetry is
T -duality, Nuclear Phys. B 479 (1996), no. 1-2, 243–259. MR MR1429831
(97j:32022)
[Tak99] Atsushi Takahashi, K. Saito’s duality for regular weight systems and dual-
ity for orbifoldized Poincare´ polynomials, Comm. Math. Phys. 205 (1999),
no. 3, 571–586. MR MR1711269 (2001b:14062)
[Tak10] ,Weighted projective lines associated to regular systems of weights of
dual type, New developments in algebraic geometry, integrable systems and
mirror symmetry (RIMS, Kyoto, 2008), Adv. Stud. Pure Math., vol. 59,
Math. Soc. Japan, Tokyo, 2010, pp. 371–388. MR 2683215
[Tou68] Jean-Claude Tougeron, Ide´aux de fonctions diffe´rentiables. I, Ann. Inst.
Fourier (Grenoble) 18 (1968), no. fasc. 1, 177–240. MR 0240826 (39 #2171)
[Ued14] Kazushi Ueda, Hyperplane sections and stable derived categories, Proc.
Amer. Math. Soc. 142 (2014), no. 9, 3019–3028. MR 3223358
36
[Voi93] Claire Voisin, Miroirs et involutions sur les surfaces K3, Aste´risque (1993),
no. 218, 273–323, Journe´es de Ge´ome´trie Alge´brique d’Orsay (Orsay, 1992).
MR 1265318 (95j:14051)
[Whi] Ursula Whitcher, Reflexive polytopes and lattice-polarized K3 surfaces, to
appear in Calabi-Yau Varieties, Fields Institute Monographs.
[Yon90] Takashi Yonemura, Hypersurface simple K3 singularities, Tohoku Math. J.
(2) 42 (1990), no. 3, 351–380. MR 1066667 (91f:14001)
Kazushi Ueda
Department of Mathematics, Graduate School of Science, Osaka University, Machikaneyama
1-1, Toyonaka, Osaka, 560-0043, Japan.
e-mail address : kazushi@math.sci.osaka-u.ac.jp
37
